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Abstract
We study 3-folds with an action of a algebraic torus T and finite fixed point
set. In particular, assuming the torus action has (exactly) 6 fixed points we
show that aside from Mori fibre spaces, the topology of such spaces is strongly
restricted. For T = C∗ we prove that there are two explicit infinite families plus
a finite number of exceptional cases. For T = C∗ × C∗ there are 2 exceptional
cases which are described explicitly.
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1 Introduction
Throughout, we work over C, all varieties are assumed to be projective.
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The aim of this note is to study the topology of smooth 3-folds with an algebraic
torus action using Mori’s minimal model program. We will be primarily interested in
understanding 3-folds up to the following topological notion of equivalence:
Definition 1.1. Two almost complex 6-manifolds M1,M2 are called AC-equivalent if
there is a diffeomorphism φ :M1 → M2 such that φ
∗(c1(TM2)) = c1(TM1).
We note that this notion of equivalence prescribes the homotopy class of the almost
complex structure [15, Proposition 8]. First, we prove the following:
Theorem 1.2. Let X be a smooth 3-fold with a holomorphic C∗-action with 6 fixed
points. Then either:
1. X is a Mori fibre space.
2. X is AC-equivalent to BlCn(CP
3) where Cn ⊂ CP
3 is a smooth rational curve of
degree n.
3. X is AC-equivalent to BlC′n(Q) or where Q is the quadric 3-fold, and C
′
n ⊂ Q is
a smooth rational curve of degree n.
4. X is AC-equivalent to one of a finite number of exceptional cases.
The assumption that the action has 6-fixed points implies that b2(X) = 2. We note
that the 3-folds in cases 2. and 3. have a C∗-action with 6 fixed points, in Example 4.2
and Example 4.5 respectively. Mori fibre spaces satisfying the hypotheses of Theorem
1.2 are very reasonable, in particular the base and general fibres are projective spaces,
see Section 5. However, we do not classify the exceptional cases completely.
To illustrate the restrictive nature of Theorem 1.2 we formulate the following corol-
lary. We phrase our result in terms of the ∆-invariant, ∆(X) ∈ Z 1, which is a funda-
mental invariant of complex 3-folds with b2 = 2 [15, Section 5.2]. The ∆-invariant was
also used to study Chern numbers of smooth 3-folds in [6]. We prove the following:
Corollary 1.3. There is a constant K such that any smooth 3-fold X having a holo-
morphic C∗-action with 6 fixed points, satisfies one of the following two conditions:
1. X is a conic bundle over CP2, with discriminant curve having degree at most 3.
2. ∆(X) < K.
For a rank 2 vector bundle E over CP2 then, ∆(P(E)) = c1(E)
2 − 4c2(E) [15,
Proposition 17]. In particular, Case 1. cannot be removed from Corollary 1.3 since the
3-folds Xn = P(O⊕O(n)) have a C
∗-action with isolated fixed points and ∆(Xn) = n
2.
1See Definition 2.2. ∆ is referred to as the discriminant in [15], however this clashes with the
unrelated notion of discriminant curve of a conic bundle, hence we just refer to ∆ as the ”∆-invariant”
in this paper.
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We also note that degree 3 discriminant curves do occur, see Example 5.5. We use
Corollary 1.3 to prove a restriction on the cohomology ring of X in Corollary 5.6.
Besides from this Corollary, we are also able to obtain a more restrictive result in
the case when the action extends to a rank 2 action, and is not toric. It turns out in
this case, we get a statement up to isomorphism of varieties. Let Y0 be the terminal
Fano 3-fold described in 11. of the table of [3, Theorem 1.1], let Y be the blow-up of
Y0 in its singular locus. Let Q be a smooth quadric 3-fold. We prove the following
Theorem 1.4. Let X be a smooth 3-fold with a holomorphic C∗ × C∗-action with 6
fixed points. Assume X is not toric. Then either X is a Mori fibre space or X is
isomorphic to either Y or Blp(Q).
To prove Theorem 1.4, we apply [3, Theorem 1.1] to handle extremal contractions
which contract a E = CP2 to a 1
2
(1, 1, 1) cyclic quotient singularity. The image of an
extremal contraction always inherits a C∗×C∗-action, see Blanchard’s theorem below.
Our motivation to study such 3-folds comes partially from symplectic geometry.
In particular, building on work of Tolman [19], there have been several recent results
regarding non-Ka¨hler Hamiltonian torus action on compact symplectic 6-manifolds
with b2 = 2; see [9, 13] and more recently with b2 arbitrary [10]. To the authors
knowledge, it remains an open question whether there is a closed symplectic 6-manifold
with a Hamiltonian S1-action with isolated fixed points which is not diffeomorphic to
a Ka¨hler manifold.
We note that by Hodge theory a Ka¨hler manifold with b2 = 2 is projective, and
Hamiltonian S1-actions preserving the Ka¨hler structure extend to algebraic C∗-actions
(this follows from the main results of [17]). We consider Theorem 1.2 as a step towards
understanding the geography of Ka¨hler 3–folds with a C∗-action with isolated fixed
points, in sight of future comparisons with the symplectic case.
Acknowledgments. I would like to thank Alexander Kuznetsov, Dmitri Panov,
Jaros law Wi´sniewski and Ziyu Zhang for helpful comments.
2 Preliminaries
2.1 Blanchard’s Theorem
We will need the following simple consequence of Blanchard’s theorem. See [5] for a
modern reference and a much more general result. Let T = (C∗)k be an algebraic torus.
Theorem 2.1. Suppose that X is a smooth projective variety with a T -action with
finitely many fixed points. Suppose that F : X → Y is a Mori extremal contraction.
Then there is a T -action on Y having finitely many fixed points and making F equiv-
arient.
If dim(X) = dim(Y ) i.e. F is a divisorial contraction, then the action on Y is
effective.
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Proof. The existence of the action on Y is Blanchard’s theorem. Note that the preimage
of each fixed point contains a fixed point, hence the induced action on the base has
finite fixed point set. To show the last statment, let E be the contracted divisor. Then
note that any non-trivial g ∈ T moves a point in X \ E, hence the corresponding
automorphism of Y is non-trivial. 
2.2 The ∆-invariant
In this subsection we recall a basic invariant of closed 6-manifolds, encoded in the cubic
intersection form, which we refer to as the ∆-invariant. For a coordinate free definition
and a comprehensive treatment of this invariant see [15].
Definition 2.2. Let X be a closed 6-manifold with pi1(X) = 1, b3(X) = 0 and b2(X) =
2, let a, b be an integral basis of H2(X,Z) 2. Then, if we let a0 =
∫
X
a3, a1 =
∫
X
a2b,
a2 =
∫
X
ab2 and a3 =
∫
X
b3. Then define:
∆(X) = (a0a3 − a1a2)
2 − 4(a0a2 − a
2
1)(a1a3 − a
2
2).
∆(X) depends only on the intersection cubic form of X [15, Section 3.1], hence is a
topological invariant. Despite its seemingly convoluted appearance, the ∆-invariant is
an informative topological invariant, particularly in the context of complex geometry
[15, Section 5.2].
3 Extremal contractions and C∗-actions
In this section we begin preparing to prove Theorem 1.2. The idea of the proof is to
consider Mori Contractions of X , in particular the possibilities for the image of the
exceptional divisor, which will be invariant by some C∗-action due to Theorem 2.1.
Firstly, we recall a theorem of Mori, which describes the possible birational extremal
contractions on a smooth 3-fold.
Theorem 3.1. [14] Let X be a smooth 3-fold such that KX is not nef. Then, X admits
an extremal contraction F : X → Y , associated to an extremal ray R ⊂ N1(X,R) ⊂
H2(X,R). An irreducible curve C ⊂ X is contracted to a point by F ⇐⇒ [C] ∈ R.
When dim(X) = dim(Y ), i.e. F is birational, then extremal contractions are of the 5
following types:
1. Blow down to a smooth point.
2. Blow down to a smooth curve.
3. Blow down to a cyclic quotient singularity of type 1
2
(1, 1, 1). (E,N) = (P2,O(−2)).
2Note that H2(X,Z) ∼= Z2 by the vanishing of pi1 and the universal coefficient theorem.
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4. Blow down to a quadric cone singularity. (E,N) = (Q,O(−2)|Q).
5. Blow down to an ordinary double point singularity. (E,N) = (Q,O(−2)|Q).
If dim(X) > dim(Y ) then X is a called a Mori fibre space, and in this case Y is a
smooth, projective variety [14]. We recall that a smooth variety with a C∗-action with
isolated fixed points is rational [2] so KX cannot be nef. Hence X either is a Mori fibre
space or has an extremal contraction of the type 1 − 5. In the following Lemma we
rule out types 4 and 5.
Lemma 3.2. Suppose that X is a smooth 3-fold with a C∗-action with isolated fixed
points. Then X cannot have an extremal contraction of type 4 or 5.
Proof. Suppose for a contradiction that X has such an extremal contraction F : X →
Y . By Theorem 2.1, the quadric Q contracted by F is invariant by C∗, hence F (Q) ∈ Y
is a fixed point. We also note that both of the lines L1, L2 ⊂ Q of the two rulings of
Q ∼= P1×P1 have the same homology class in X , since their homology classes are both
contained in the same extremal ray in H2(X,R).
We consider the two Bialynicki-Birula decompositions of X [2, Theorem 4.3], with-
out loss of generality we are in the situation of Figure 1. More precisely, consider the
restriction of the C∗-action to Q, then it has 4 fixed points, two of which have one
positive and one negative weight, we pick one of them say p ∈ Q. Then, for one of the
Bialynicki-Birula decompositions ofX , there is a 2-cell of the decomposition emanating
from p, which we call D.
There is a unique line in Q ∼= P1×P1 containing p and intersecting D transversely,
as in Figure 1. This line must be invariant by the C∗-action and we denote it L1.
Let L2 be the line in Q intersecting L1 transversely at the fixed point in Q having
two positive weights. Let D¯ be the closure of the 2-cell, which represents an element
D¯ ∈ H4(X,Z)
3. Note that L1 is disjoint from D¯, therefore D¯.L2 = 0. On the other
hand L1 intersects D¯ transversely in 1 point, so D¯.L1 = 1. But, as noted above L1 and
L2 must have the same homology class in X , a contradiction. 
L1L2
Q
D
Figure 1: The exceptional divisor Q and a 2-cell of the Bialynicki-Birula decomposition
D
3This closure is taken in the analytic topology, it is a cycle in X by [7, Section IIb].
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4 Analysis of the remaining extremal contractions
In this section, we prove Theorem 1.2, we proceed by analysing the extremal contrac-
tions of type 1.-3. of Theorem 3.1.
4.1 Blow-down to a smooth point
Firstly we assume that are our variety X has C∗-action with 6 fixed points and is a
blow-up of a smooth 3-fold Y in a point. We note there are 4 possibilities for Y . Let
Q be a smooth quadric 3-fold.
Lemma 4.1. Suppose that X is a smooth 3-fold with a C∗-action with 6 fixed points.
Suppose furthermore that X is the blow-up of a smooth 3-fold Y in a point, then X is
AC-equivalent to the blow-up of CP3, Q, V5 or V22 in a point.
Proof. By Theorem 2.1 Y has a C∗-action with isolated fixed points and also b2(Y ) = 1.
Hence, Y is a smooth Fano 3-fold. Such Fano 3-folds fall into 4 deformation families,
(see [20, Theorem 1.1], [12, Theorem 1.1.2]), namely CP3, Q, V5 or V22, in particular
four AC-equivalence classes. The result follows. 
We recall the definitions of V5 and V22 for convenience. V5 is the intersection of the
Grassmanian Gr(2, 5) ⊂ CP9 embedded by the Plucker embedding and a codimension
3 linear subspace. V22 is the Mukai-Umemura Fano 3-fold.
4.2 Blow-Down to a smooth curve
In this section we collect results needed to prove Theorem 1.2. We analyze the case
when the 3-fold has a Mori extremal contraction which is a blow-down to a smooth
curve, φ : X → Y . Similarly to the previous section, since Y is Fano with Picard rank
1 and has a C∗-action there are 4 possibilities for Y up to AC-equivalence, namely
CP3, Q, V5 and V22 which we deal with in turn.
We recall that on a given smooth 3-fold Y and C ⊂ Y a smooth curve, BlC(Y ) is
determined up to AC-equivalence by the triple (gC , [C], c1(N)), where gC is the genus
of C, [C] ∈ H2(Y,Z) is the homology class of C, and N is the normal bundle of C in
Y . We start by giving an example:
Example 4.2. Let n > 0 be an integer. Consider the C∗-action on CP3 given by
z.[x0 : x1 : x2 : x3] = [x0 : zx1 : z
n−1x2 : z
nx3]. Then there is a the smooth C
∗-invariant
curve Cn given parametrically by [X
n : Xn−1Y : XY n−1 : Y n] for [X : Y ] ∈ CP1,
having degree n. The induced action on BlCn(CP
3) has isolated fixed points.
Let φ : BlCn(CP
3)→ CP3 be the blow-down and E = φ−1(Cn). Then, in the integral
basis {a = φ∗(H2), b = E} of H2(BlCn(CP
3),Z), the intersection cubic form is:
∫
BlCn (CP
3)
(xa+ yb)3 = x3 − 3nxy2 − (4n− 2)y3.
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Since −KBlCn (CP3) = 4a − b, the above gives
∫
BlCn (CP
3)
(−KBlCn (CP3))
3 = 62 − 8n. One
may check using Definition 2.2 that limn→∞∆(BlCn(CP3)) = −∞.
We make the following remark about higher rank torus actions on these 3-folds.
Remark 4.3. One may check that Cn ⊂ CP
3 is invariant by a C∗ × C∗-action ⇐⇒
n = 1. Hence by Theorem 2.1, the only 3-fold appearing in Example 4.2 having a
C∗ × C∗-action is BlL(CP
3) where L is a line.
Lemma 4.4. Suppose that C ⊂ CP3 is a curve invariant by a C∗-action such that the
induced action on BlC(CP
3) has isolated fixed points. Then BlC(CP
3) is AC-equivalent
to BlCn(CP
3) for some n > 0, where Cn is defined in Example 4.2.
Proof. Let φ : X → CP3 be the inverse of the curve blow-up. We recall from Theorem
2.1 that φ is C∗-equivariant with respect to some C∗-action on CP3 which must have
isolated fixed points. Hence, the blow-up curve C is C∗-invariant and since the action
on CP3 has isolated fixed points the induced action on C is non-trivial. The only
smooth curve with a nontrivial C∗-action is CP1 i.e the genus of the curve gC must
be 0. If [C] = kH2 ∈ H2(CP
3,Z) ∼= Z, then note that c1(NC) + 2 = 4k, where NC is
the normal bundle of C. So all the possibilities for (gC , [C], c1(NC)) ∈ Z≥0 × Z
2 are
exhausted by Cn ⊂ CP
3 defined in Example 4.2. These invariants determine the curve
blow-up, up to AC-equivalence. 
The case where Y is a smooth quadric 3-fold Q is very similar to the above case
Y = CP3. We start by giving a sequence of examples.
Example 4.5. Let n > 0 be an integer. Consider the quadric Q = {x22−x0x4−2x1x3 =
0} ⊂ CP4, which is smooth 4. Consider the C∗-action on CP4 preserving Q given by
z.[x0 : x1 : x2 : x3 : x4] = [x0 : zx1 : z
n+1x2 : z
2n+1x3 : z
2n+2x4].
Then the smooth curve C ′n ⊂ Q given parametrically by [X
2n+2 : X2n+1Y : Xn+1Y n+1 :
XY 2n+1 : Y 2n+2] for some integer n ≥ 0 is invariant by the action. The induced action
on BlC′n(Q) has isolated fixed points.
Furthermore, if φ : BlC′n(Q) → Q is the blow-down, E = φ
−1(C ′n) and α is the
generator of H2(Q,Z) with
∫
Q
α3 = 2. Then, in the integral basis {a = φ∗(α), b =
PD(E)} of H2(BlC′n(Q),Z), the intersection cubic form may be expressed as follows:∫
Bl
C′n
(Q)
(xa + yb)3 = 2x3 − 3nxy2 − (3n− 2)y3.
Since −KBl
C′n
(Q) = 3a− b, the above gives
∫
Bl
C′n
(Q)
(−KBl
C′n
(Q))
3 = 52− 6n. From this
it follows from Definition 2.2 that limn→∞(∆(BlC′n(Q))) = −∞.
4This equation of the quadric, convenient for studying torus actions, was found in the answer to the
following MO question https://mathoverflow.net/questions/306234/mathbbc-actions-on-fano-3-folds.
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We also make the following remark about higher rank torus actions on these 3-folds;
Remark 4.6. We note BlL(Q) has a C
∗ × C∗-action with isolated fixed points, where
C ′1 = L is an invariant line. On the other hand for n ≥ 2, BlC′n(Q) does not have
C∗ × C∗-action. This follows from the fact that there are only 6 C∗ × C∗-invariant
curves in Q, all of them lines; and any action on BlC′n(Q) is inherited from and action
on Q preserving C ′n by Theorem 2.1.
Lemma 4.7. Let Q be a smooth quadric 3-fold. Suppose that C ⊂ Q is a smooth curve
invariant by a C∗-action on Q, such that the induced action on BlC(Q) has isolated
fixed points. Then BlC(Q) is AC-equivalent to BlC′n(Q) for some n > 0, where C
′
n is
defined in Example 4.5.
Proof. Let φ : X → Q be the inverse of the curve blow-up. We recall from Theorem
2.1 that φ is C∗-equivariant with respect to some C∗-action on Q which must have
isolated fixed points. Hence, the blow-up curve C is C∗-invariant and since the action
on Q has isolated fixed points the induced action on C is non-trivial. The only smooth
curve with a nontrivial C∗ is CP1 i.e the genus of the curve gC must be 0. Let [C] =
kα ∈ H2(Q,Z) ∼= Z, where α is the positive generator then note that 3k = 2 + c1(NC)
where NC is the normal bundle of C in Q. So all the possibilities for (gC , [C], c1(NC)) ∈
Z≥0×Z
2 are exhausted by C ′n ⊂ Q, defined in Example 4.5. These invariant determine
the curve blow-up, up to AC-equivalence. 
The remaining two cases may be dealt with by a Theorem of Tolman [20, Theorem
2].
Lemma 4.8. There is finitely many AC-equivalence classes of 3-folds obtained as blow
ups of 3-folds in the families V5 and V22 in a smooth C
∗-invariant curve.
Proof. Let X be a 3-fold in the family V5 or V22 and let H be the corresponding
Hamiltonian, where the symplectic form is normalised so that [ω] = −KX . By Tolman’s
theorem [20, Theorem 2], it follows that H(X) = [−6, 6]. It follows that 1 ≤ −KX .C ≤
12 for any invariant curve C in V5 or V22 by the ABBV localisation formula [4]. Let
α be the generator of H2(X,Z) = Z with α3 > 0, then −KX = kα, where k = 2
if X is in the family V5 and k = 1 if X is in the family V22. Since −KX .C ≤ 12
this implies there are finitely many possibilities for the homology class of C, and since
−KX .C = 2 + c1(N), where N is the normal bundle of C in X , −1 ≤ c1(N) ≤ 10, so
there are finitely many possibilities for the normal bundle up to topological equivalence.
Hence, there are finitely many possibilities for the blow-up, up to AC-equivalence. 
We note that bluntly applying the above proof one can obtain that there are at most
12 AC-equivalence classes of curve blow-ups of V5 or V22 in C
∗-invariant smooth curves.
A finer analysis is possible using results of [12]. We also note that these blow-ups will
often coincide with the 3-folds from Example 4.2 and Example 4.5. For example the
blow up of V5 in a line is AC-equivalent to BlC′
3
(Q), and the blow-up of V5 in a quadric
is AC-equivalent to BlC4(CP
3), etc.
To conclude the section, we put together the previous lemmas to get complete
analysis of the case of smooth curve blow downs.
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Proposition 4.9. Suppose that X is a smooth 3-fold with a C∗-action with 6 fixed
points. Suppose that X has a Mori extremal contraction φ : X → Y , which is the
blow-up of a smooth curve in Y . Then either X is AC-equivalent to one of the 3-folds
from Example 4.2 or Example 4.5, or X is AC equivalent to one of a finite number of
(at most 24) exceptional cases.
Proof. By Theorem 2.1 Y inherits a C∗-action with isolated fixed points, and by [2] X
is rational, hence Y is rational with b2(Y ) = 1, implying it is a smooth Fano 3-fold.
By [12, Theorem 1.1.2] Y is contained in one of the families CP3, Q, V5 or V22. Hence,
combining Lemma 4.4, Lemma 4.7 and Lemma 4.8 gives the result 
4.3 Analysis of blow-downs to 12(1, 1, 1) cyclic quotient singu-
larities
Next, we deal with the final remaining extremal contraction, a contraction of a CP2
with normal bundleO(−2), to a cyclic quotient singularity of type 1
2
(1, 1, 1) i.e. C3/±1.
We will need the facts that this singularity has Gorenstein index 2 and is terminal.
Lemma 4.10. Consider the class of smooth 3-folds with a C∗-action with 6 fixed points
and an extemal contraction of E = CP2 to a 1
2
(1, 1, 1) cyclic quotient singularity. Then,
there are a finite number of such 3-folds up to AC-equivalence.
Proof. Let X be such a threefold and φ : X → Y the extremal contraction. Since by
the Bialynicki-Birula decomposition [2, Theorem 4.3] X is rational, so Y is rational.
Since b2(Y ) = 1, Y is Fano by the Kleiman ampleness criterion. Since the
1
2
(1, 1, 1)
cyclic quotient singularity is terminal, Y fits into a bounded family of possible cases
by [1, Theorem 1.1]. Hence, blowing up the singular point, there is finitely many
possibilities for X up to AC-equivalence. 
Remark 4.11. We note that there is a more down to earth, but longer proof of Lemma
4.10. One may use the bounds on (−KY )
3 and c2(Y ). − KY proved in [1] directly to
prove that there are finitely many possibilities for the cohomology ring and characteristic
classes of X. Then, the boundedness of the AC-equivalence classes follows from the
Jupp-Jubr-Wall classification theorem for simply connected 6-manifolds.
4.4 Concluding the proof of Theorem 1.2 and Theorem 1.4
Here, we conclude the proof of Theorem 1.2 by putting together the analysis of the
different extremal contractions.
Proof of Theorem 1.2. Suppose X is a smooth 3-fold with a C∗-action with 6 fixed
points. Since X is rational [2], KX is not nef, hence X has a Mori extremal contraction.
We can assume that the Mori extremal contraction φ : X → Y is birational, since
otherwise it is a Mori fibre space as required. We have to deal with the extremal
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contractions of type 1-5 from Theorem 3.1. By Lemma 3.2, types 4 and 5 do not
occur. For extremal contraction of the types 1.,2. and 3. the result follows from
Lemma 4.1, Proposition 4.9 and Lemma 4.10 respectively. 
We also prove Theorem 1.4:
Proof of the Theorem 1.4. The proof is essentially is similar to the proof of Theorem
1.2, with a some additional remarks. We again analyze the possible divisorial extremal
contractions, but at each stage we exclude 3-folds not having a C∗ × C∗-action. The
action of a generic subtorus has isolated fixed points so we may apply Lemma 3.2,
excluding extremal contractions of type 4 and 5 from Theorem 3.1. We deal with the
remaining 3 types of extremal contractions.
Point Blow-ups and curve blow ups Let φ : X → Y be a contraction to a smooth
point or curve, similarly to the proof of Theorem 1.2, Y is a smooth Fano 3-fold. By
Theorem 2.1, Y admits an effective C∗ × C∗-action. By [12, Theorem 1.1.2], Y is
isomorphic to either CP3 or Q, a smooth quadric 3-fold. For point blow-ups we note
that Blp(CP
3) is toric and otherwise we have Blp(Q) as required.
For smooth curve blow-ups, as was noted in Remark 4.3 and Remark 4.6, the 3-folds
appearing Example 4.2 an Example 4.5 with n ≥ 2 do not have C∗×C∗-actions, hence
may be excluded. For n = 1, BlC1(CP
3) and BlC′
1
(Q) are smooth Fano 3-folds with
b2 = 2 hence Mori fibre spaces. Hence, there are no exceptional cases coming from
smooth curve blow-ups.
Extremal contractions of type 3. The only extremal contraction remaining to ana-
lyise is type 3 i.e. extremal contractions φ : X → Y contracting a CP2 with normal
bundle O(−2) to a 1
2
(1, 1, 1) cyclic quotient singularity. We note that Y is Fano by the
Kleimann ampleness criteria. Also by Theorem 2.1, the C∗ × C∗-action descends to
an effective C∗ × C∗-action on Y . Y is Q-factorial since it is the image of a divisorial
extremal contraction with relative Picard number 1 from a smooth 3-fold [6, Section
2.1]. Furthermore, since 1
2
(1, 1, 1) cyclic quotient singularity is terminal, and Y has
Picard rank 1 so fits into the big table of [3, Theorem 1.1] . Note that the equation
KX − φ
∗(KY ) =
1
2
E implies K3Y cannot be an integer. Combining this with the fact
Gorenstein index of Y is 2, there is only one possibility for Y up to isomorphism,
namely 3-fold 11. from the table in [3, Theorem 1.1], as required. 
5 Mori Fibre spaces
In this section we conclude by discussing the remaining case of smooth 3-dimensional
Mori fibre spaces. Algebraic torus actions on such spaces are studied comprehensively
in other places, we just note a few well-known facts about the topology of such spaces.
Firstly we recall a very basic topological restriction of 3-dimensional Mori fibre spaces.
Lemma 5.1. Let X be a smooth, 3-dimensional Mori fibre space with b2(X) > 1. Then
there exists α ∈ H2(M,Z) such that
∫
X
α3 = 0.
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Proof. Let φ : X → Y be a Mori fibre space. Since b2(X) > 1, some curves are not
contracted by φ, so dim(Y ) > 0. Hence, we may choose the class of a general fibre or
its square. 
Lemma 5.2. Suppose that X is a smooth 3-fold with is a Mori extremal contraction
φ : X → Y where dim(Y ) = 1. Then ∆(X) = 0
Proof. By [14] Y is a smooth projective curve. The fibre class F ∈ H2(X,Z) satisfies
F 2 = 0. By [15, Proposition 5], the existence of such an element is equivalent to the
vanishing of ∆(X). 
In the following Lemma, which is similar to [8, Lemma 2.4], we classify nodal
curve which are invariant by a C∗-action on CP2. This will be used below to analyze
discriminant curves of conic bundles.
Lemma 5.3. Suppose that C ⊂ CP2 is a (possibly reducible) curve in CP2 with at
worst nodal singularities and C is invariant by a non-trivial C∗-action on CP2. Then
deg(C) ≤ 3, in particular either
1. C is a union of up to 3 lines in general position.
2. C is an irreducible quadric.
3. C is a union of a line and an irreducible quadric.
Proof. Up to a change of co-ordinates we may write the C∗-action on CP2 as z.[x0 :
x1 : x2] = [x0 : x
a
1 : x
b
2] where, without loss of generality 0 ≤ a ≤ b are integers.
Consider an invariant curve C, then assuming C is not a co-ordinate line, then up to
an automorphism, C is given parametrically by [Xb : Xb−aY a : Y b]. Then, one may
check that this curve is smooth if and only if it is a line or a = 1, b = 2 i.e. it is a
smooth conic, and for b > 2 the curve has non-nodal singularities. Furthermore, any
invariant conic contains both pmin and pmax (i.e. the fixed points where the action has
both weights positive resp. negative), with any pair of them meeting tangentially at
these fixed points. The result follows. 
Lemma 5.4. Suppose that X is a smooth 3-fold with a C∗-action with 6 fixed points.
Suppose there is a Mori extremal contraction φ : X → Y where dim(Y ) = 2. Then X
is a conic bundle over CP2 with discriminant curve Γ ⊂ CP2 having degree at most 3.
Proof. By Theorem 2.1, the action descends to an action on Y with isolated fixed
points. Hence, Y is a torc surface [11] with b2(Y ) = 1, implying that Y ∼= CP
2. We
note that since φ is equivariant, the discriminant curve is invariant by the induced
action on CP2. It is also nodal by [16, Corollary 3.3.3]. Hence, by Lemma 5.3, the
discriminant curve has degree at most 3. 
We note that the discriminant curve of smooth rational conic bundles over CP2 has
degree at most 5 [16, Theorem 9.1], hence the above lemma just excludes the cases of
degree 4 or 5. We note also that if X is spin i.e. −KX is numerically divisible by 2
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then the discriminant curve has to be empty (see [18, Theorem 10]), since clearly a
fibre cannot be a union of two lines in CP2. Then by the vanishing of Brauer group of
CP2, the conic bundle is of the form P(E) for some rank 2 bundle E over CP2.
The following Fano 3-fold shows that degree 3 discriminant curves do occur:
Example 5.5. [8, Lemma 10.2] There exists a smooth divisor X of bidegree (1, 2) in
P2×P2 having an effective C∗×C∗-action with 6 fixed points. Furthermore, X has the
structure of a conic bundle over CP2, with discriminant curve Γ equal to the union of
a line and conic.
5.0.1 Proof of Corollary 1.3
Finally, we prove Corollary 1.3 combining results of the previous section.
Proof of Corollary 1.3. If X is one of the 3-folds in Example 4.2 and Example 4.5 then
∆(X) is bounded above, as follows from the formulas for the cubic forms given there.
Hence, by Theorem 1.2 it remains to prove the statement when X is Mori fibre space
φ : X → Y . By Lemma 5.2, if dim(Y ) = 1 then ∆(X) = 0. In the remaining case
that dim(Y ) = 2 i.e. X is a conic bundle, then Lemma 5.4 gives that the degree of the
discriminant curve is at most 3. 
We also give a purely topological statement, showing that cubic intersection forms
of smooth 3 folds with a C∗-actions with 6 fixed points lie in a very restricted subset
of the possible integral cubic forms on two variables.
Corollary 5.6. There is a constant K such that any smooth 3-fold X having a C∗-
action with 6 fixed points, satisfies one of the following two conditions:
1. There exists α ∈ H2(X,Z) such that
∫
X
α3 = 0
2. ∆(X) < K.
Proof. This follows from Corollary 1.3 and Lemma 5.1. 
We remark that the condition of Case 1. is a rarely satisfied by smooth rational
3-folds. For a simple example consider the blow-up of Q in a point. Then in the
natural integral basis of H2(Blp(Q),Z)), the cubic form is (xa+ by)
3 = 2x3+y3, hence
(xa + yb)3 = 0 has no non-zero integer solutions. The reader may play with standard
constructions to convince themselves that this is the typical situation.
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